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Time reversal invariant topological superconducting (TRITOPS) wires are known to host a frac-
tional spin ~/4 at their ends. We investigate how this fractional spin affects the Josephson current in
a TRITOPS-quantum dot-TRITOPS Josephson junction, describing the wire in a model which can
be tuned between a topological and a nontopological phase. We compute the equilibrium Joseph-
son current of the full model by continuous-time Monte Carlo simulations and interpret the results
within an effective low-energy theory. We show that in the topological phase, the 0-to-pi transition
is quenched via formation of a spin singlet from the quantum dot spin and the fractional spins
associated with the two adjacent topological superconductors.
PACS numbers: 74.78.Na, 74.45.+c, 73.21.La
Introduction.—The interplay of many-body interac-
tions in quantum dots and superconductivity has been
at the focus of interest for some time [1–6]. While elec-
trons are paired in superconductors, the charging energy
effectively suppresses pairing in quantum dots. A promi-
nent consequence of this competition is the transition be-
tween 0 and pi junction behavior of the Josephson current
in devices where a quantum dot (QD) connects between
ordinary (nontopological) singlet-superconducting wires
(S-QD-S junction) [7–10]. As a result of numerous stud-
ies [11–19], this phenomenon is now well understood for
conventional superconductors. Essentially, S-QD-S junc-
tions exhibit pi-junction behavior when the QD hosts an
effective spin-1/2 degree of freedom.
Here, we address the 0 to pi transition for Joseph-
son junctions in which a quantum dot connects be-
tween time-reversal-invariant topological superconduc-
tors (TRITOPS). Unlike their time-reversal-breaking
cousins [2, 20–22], TRITOPS preserve time-reversal sym-
metry and can coexist with an unpolarized quantum-
dot spin. It is thus an interesting question whether
pi-junction behavior can be observed in TRITOPS-QD-
TRITOPS junctions. Such junctions differ from con-
ventional S-QD-S junctions in several ways. First, the
Majorana-Kramers pairs present in the topological phase
allow for the coherent transfer of single electrons, while
the Josephson current of a conventional junction is car-
ried by Cooper pairs. Even more intriguing, TRI-
TOPS host a fractional ~/4 spin at their ends. Thus,
a TRITOPS-QD-TRITOPS junction allows one to study
the hybridization of fractional and ordinary spins. We
show that the 0-pi transition constitutes a signature which
distinguishes between the topological and the nontopo-
logical phase, and trace the quenching of the transition
for TRITOPS to the formation of a spin singlet from the
quantum-dot spin and the fractional spins of the adjacent
TRITOPS.
In the wake of proposals to engineer time-reversal-
breaking topological phases and corresponding experi-
ments, there has also been substantial interest in time
reversal invariant topological superconductors (TRIP-
TOPS) [1, 24–26, 28–37]. TRITOPS are characterized
by Kramers pairs of Majorana end states and localized
fractional spins [28]. Time reversal protects the pair of
Majoranas from hybridizing which therefore generically
remain at zero energy. Similarly, the fractional spin is
topologically protected and cannot be determined from a
local measurement without breaking time reversal. Sev-
eral routes have been proposed to engineer TRITOPS al-
though their experimental realization is more demanding
than that of time-reversal-breaking topological supercon-
ductors [36].
Conventional Josephson junctions assume their mini-
mal energy at zero phase difference and their maximal
energy at a phase difference of pi (0-junction behavior).
This behavior is reversed in pi junctions which assume
their minimal energy at a phase difference of pi [1, 2]. In
S-QD-S junctions, pi-junction behavior occurs when the
quantum dot forming the junction is singly occupied and
acts effectively as a magnetic impurity. When the QD
is weakly coupled to the superconductors, tunneling of
Cooper pairs between the conventional superconductors
relies on a forth-order cotunneling process [1, 10]. This
process includes a pi phase shift which originates from
the Fermi statistics of electrons and becomes manifest in
the pi-junction behavior. As a consequence, the current-
phase relation of the junction phase shifts by pi when the
occupation of the quantum dot is tuned from even to odd.
When the quantum dot is strongly coupled to the super-
conductors, the impurity spin can be screened, turning
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2a doublet into a singlet ground state and resulting in 0-
junction behavior. Depending on the parameter regime,
this transition can be described as a result of Kondo cor-
relations or a zero-energy crossing of a Yu-Shiba-Rusinov
state [19].
Model.—Our considerations are based on a time-
reversal-invariant superconductor with Hamiltonian [1]
Hα =
N∑
j=1
∑
σ
(
−tc†α,j+1,σcα,j,σ + iλσc†α,j+1,σcα,j,σ
+∆σe
iφαc†α,j+1,σc
†
α,j,σ + H.c.− µ nα,j,σ
)
, (1)
where λ↑,↓ = ±λ, ∆↑,↓ = ±∆ and ↑ =↓, ↓ =↑. More-
over, t is the hopping parameter, µ the chemical poten-
tial, and λ and ∆ are the strengths of Rashba spin-orbit
coupling and extended s-wave pairing, respectively. The
index α = L,R labels the left and right superconductors
of the junction with order parameter phases φα. The
phase difference φ = φL − φR = 2piΦ/Φ0 can be tuned
by including the junction in a superconducting loop and
threading the loop by a magnetic flux Φ. (Φ0 = h/2e
denotes the superconducting flux quantum.) The entire
TRITOPS-QD-TRITOPS Josephson junction is then de-
scribed by the Hamiltonian
H =
∑
α=L,R
Hα +Hc +Hd. (2)
Here,
Hd = εd
∑
σ
nd,σ + Und↑nd↓ (3)
describes the quantum dot with gate-tunable level energy
εd, spin-resolved level occupation nd,σ, and charging en-
ergy U , and
Hc = −t′
∑
σ
[(
c†L,N,σ + c
†
R,1,σ
)
dσ + H.c.
]
(4)
accounts for the hybridization between quantum dot and
superconductors.
The Hamiltonian Hα supports topological and non-
topological phases. The topological phase occurs when
|µ| < 2λ and is characterized by Kramers pairs of Ma-
jorana end states. For each lead, the corresponding
Majorana operators can be combined into conventional
fermionic operators
ΓL/R =
∫
dxϕL/R(x)[ψ↑(x)∓ iψ†↓(x)], (5)
where ϕL/R(x) denotes the Majorana wavefunctions of
the left (L) and right (R) superconducting lead and ψσ(x)
denotes the electron field operator for spin σ (see Supple-
mentary Material, Sec. 2 [38]). While the Majorana oper-
ators mix the two spin components, the operators ΓL/R
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FIG. 1. (Color online) Top: Josephson current vs φ for a
quantum dot at T = 0 with U = 0, t′ = t, λ = t/2, ∆ =
t/5, and values of µ in the topological (µ < t) as well as
the nontopological (µ > t) phase. The wires have N = 500
sites. Inset: Josephson current at finite temperature. Red,
blue, and green lines correspond to β = 400, 200 and 100,
respectively. The T = 0 case is plotted in black for reference.
Bottom: Spectrum of HˆBdG for µ = εd = 0 (left), µ = 0,
εd = t (middle), and µ = −εd = 1.8 (right). Other parameters
as in top panel. Energies are measured in units of t = 1.
remove a spin of ~/2 from one end of the wire. Thus,
ΓL/R and Γ
†
L/R toggle the the system between ground
states with fractional spins of ±~/4 localized at the ends
of the wire [28].
Numerical results.—The Josephson current can be
computed from the Green function expression
I =
2t′2
β
∑
σ
∑
n
Im
[
g
(12)
1α,σ(iωn)G
(21)
d,σ (iωn)
]
. (6)
The derivation is included in Ref. [38] (see Sec. 1). The
Green functions correspond to the Matsubara compo-
nents of frequency ωn = (2n + 1)pi/β (β is the inverse
temperature) of the imaginary-time Green functions
g
(12)
1α,σ(τ) = −〈Tτ
[
cˆ†α,1,σ(τ)cˆ
†
α,1,σ(0)
]
〉0 and G(21)d,σ (τ) =
−〈Tτ
[
dˆσ(τ)dˆσ(0)
]
〉, where 〈. . .〉0 (〈. . .〉) denotes the en-
semble average over the states ofHα (H). The first Green
function can be obtained exactly.
First consider a junction with a noninteracting quan-
tum dot. For U = 0, the Green function Gd,σ(iωn) and
thus the Josephson current can also be evaluated analyti-
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FIG. 2. (Color online) Josephson current for an interacting
quantum dot at β = 400 with t′ = t, εd = −U/2, λ = t/2, ∆ =
t/5. The upper (lower) panel corresponds to the topological
(nontopological) phase. The values of U and µ are indicated
in the Fig. Energies are expressed in units of t = 1 .
cally. Moreover, our model can be written in Nambu rep-
resentation with a Bogoliubov de-Gennes (BdG) Hamil-
tonian HˆBdG = Hˆ0τz + ∆ˆτx, where Hˆ0 results from the
normal parts of the Hamiltonian H while ∆ˆ originates
from the pairing contributions. The Pauli matrices τi
(with i = x, y, z) operate in particle-hole space. Diago-
nalizing the BdG Hamiltonian, the Josephson current can
be obtained from I = (2e/~)∂E0(φ)/∂φ, where E0(φ) is
the many-body ground state energy. Corresponding re-
sults are presented in Fig. 4.
The spectrum of HˆBdG is shown in the lower panels
for the topological (left and middle) and the nontopo-
logical (right) phase. In the topological phase, there
are zero-energy bound states (light-blue curves) which
emerge from the Majoranas states localized at the far
ends of the finite-length chains. The solid red curves
emerge from the hybridization of the dot states with the
adjacent Majoranas. In the nontopological phase, the
subgap states are gapped. As a consequence of Kramers
theorem, the subgap states are twofold degenerate at φ
equal to integer multiples of pi. At other flux values,
time reversal is broken by the phase bias and the subgap
states are nondegenerate. The top panel of Fig. 4 shows
the Josephson current for values of µ both in the topo-
logical (µ < 2λ) and the nontopological (µ > 2λ) phases.
In the topological phase, the Josephson current jumps at
φ = pi (up to finite-size effects), reflecting the level cross-
ing of the subgap states. (Note that we assume complete
equilibration over fermion parities.) The nontopological
phase exhibits the usual smooth behavior.
For a nonzero interaction U , the Josephson current
can be calculated by evaluating G
(21)
d,σ (iωn) using quan-
tum Monte Carlo simulations [39]. Previous works on
S-QD-S junctions [12, 15, 16] as well as normal wires
coupled to correlated dots and molecules [40, 41] proved
this strategy to be accurate and reliable. We perform a
Shiba transformation, mapping H to a particle-number
conserving Hamiltonian with negative U [15]. The Green
function of the transformed problem is then calculated by
the algorithm introduced in Refs. [42, 43]. Inversion of
the Shiba transformation leads to Gd,σ(iωn) which en-
ters the Josephson current (8). Results for a half-filled
configuration (i.e., 〈nd↑ + nd↓〉 = 1) are shown in Fig. 2.
The nontopological case (bottom panel) shows the ex-
pected 0 to pi transition. When coupling the quantum
dot to superconducting leads, the local moment per-
sists when ∆ is larger than the Kondo temperature TK ,
but becomes Kondo screened by the quasiparticle states
for ∆  TK . For a particle-hole symmetric configura-
tion, the Kondo temperature of the junction is given by
kBTK =
√
δU/2 exp (−piU/8δ) [3] with the hybridization
parameter δ ∼ pi(t′)2√1− µ2/(2t)2/(2t). Consequently,
there is a 0-pi transition as U increases. For U = t,
the dot is in the intermediate valence regime, while for
U = 6t and U = 10t, it would be in the Kondo regime
when attached to normal leads. In our case, kBTK ∼ ∆
for U ∼ 8.5t, consistent with the observed transition be-
tween 0- and pi-junction behavior between U = 6t and
U = 10t.
It is our central observation that there is no corre-
sponding 0-pi transition when the superconducting leads
are in the topological regime. Instead, the current-phase
relation remains similar to the noninteracting case for all
interaction strengths U . In particular, the abrupt de-
pendence at a phase difference of φ = pi, while slightly
smoothed by finite temperature, becomes more pro-
nounced as the number of sites increases, as in the nonin-
teracting case (cp. inset of Fig. 1). These results suggest
that the impurity spin is efficiently screened in the topo-
logical case, despite the presence of the superconducting
gap. This robust screening of the spin of the quantum
dot originates from its interaction with the subgap states
emerging from the Kramers pairs of Majoranas of the
adjacent left and right wires.
Effective Hamiltonian.—To arrive at this conclusion,
we interpret our numerical results in the context of
an effective Hamiltonian. Consider a singly-occupied,
interacting quantum dot coupled to two time-reversal-
invariant topological superconductors. For simplicity, we
assume that the superconducting gap is large compared
to the Kondo temperature so that we can neglect hy-
bridization with the quasiparticle continuum. Then, we
only need to consider the hybridization with the sub-
gap states originating from the Majorana bound states.
We can project out the empty and doubly occupied dot
states by employing a Schrieffer-Wolff transformation [4]
(see also [37] for similar considerations). This yields an
effective Hamiltonian in the eight-dimensional subspace
spanned by the two eigenstates of the quantum dot spin
Sd and the two states for each of the superconducting
leads which are associated with the Kramers pair of Ma-
jorana operators. Here, we sketch the derivation of this
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FIG. 3. (Color online) LDOS at the quantum dot obtained by
QMC. The black dashed lines are the predictions for the peaks
in the density of states on the basis of Heff with J = 0.2. The
amplitude of the superconducting gap ∆ = 0.2 is indicated in
thin lines. Other parameters are U = 4t, J = 0.2, λ = 0.5t,
t′ = t, µ = 0 and β = 400.
Hamiltonian (for details, see [38], Sec. 3).
In a first step, we project the tunneling Hamiltonian
Hc to the subgap states of the wires, giving Hc =
teffe
iφ/4
∑
σ
(
Γ†L,σdσ + d
†
σΓR,σ
)
+ H.c, where teff . t′
and the Bogoliubov operators for the zero-energy modes
satisfy Γ†L = Γ
†
L,↑ = iΓL,↓, and Γ
†
R = Γ
†
R,↑ = −iΓR,↓
(see [46] and [38], Sec. 2). Focusing on the particle-
hole symmetric point εd = −U/2, and eliminating the
empty and doubly occupied states of the quantum dot
by a Schrieffer-Wolff transformation, we obtain (see [38],
Sec. 3 for details, including more general configurations)
Heff = J
{
Szd
[
(nL + nR − 1) + i sin φ
2
(
Γ†LΓR − Γ†RΓL
)]
+i cos
φ
2
(
S−d Γ
†
LΓ
†
R − S+d ΓRΓL
)}
, (7)
where J = 4t2eff/U and we defined the occupations
nα = Γ
†
αΓα. A convenient basis for this Hamiltonian
is |σ, nL, nR〉 with nα = 0, 1 and σ =↑, ↓. Note that nα
also labels the polarization of the fractional spins.
The Hamiltonian Heff is easily diagonalized. It con-
serves the number parity of n = nL + nR. For n = 1,
the terms involving S±d do not contribute and we find
doubly-degenerate eigenstates which are linear superpo-
sitions of |σ, 1, 0〉 and |σ, 0, 1〉 with energy ±J/2 sin(φ/2).
For even occupations n, we have two phase-independent
states with degenerate eigenergies J/2 corresponding to
| ↑, 1, 1〉 and | ↓, 0, 0〉 as well as a pair of nondegenerate
states with energies −J/2± J cos(φ/2), which are linear
combinations of the states | ↑, 0, 0〉 and | ↓, 1, 1〉.
At all phase differences, the ground state is an equal-
probability superposition of | ↑, 0, 0〉 and | ↓, 1, 1〉. These
states describe configurations with overall zero spin. In-
deed, in both states the quantum dot spin of ~/2 is point-
ing opposite to the fractional spins of ~/4 of the two ad-
jacent superconductors. Thus, these configurations can
be interpreted as an effective singlet configuration of the
quantum dot spin and the fractional spins of the topo-
logical superconductors.
Similar to the singlet formation via hybridization with
the quasiparticle continuum of nontopological supercon-
ductors [19], this singlet formation with the fractional
spins quenches the pi-junction behavior. Indeed, the
low-energy spectrum emerging from the Schrieffer-Wolff
treatment predicts a Josephson energy which is mini-
mal at phase differences equal to integer multiples of 2pi.
Moreover, we also see that there is a cusp in the ground
state energy at a phase difference of pi. Both of these
results are consistent with our numerical results which
incorporate the hybridization with the quasiparticle con-
tinuum above the superconducting gap.
In Fig. 3, we benchmark our low-energy Hamiltonian
with results for the local density of states (LDOS) at the
quantum dot ρ(ω) = −2∑σ Im[GRd,σ(ω)]. The latter was
calculated by analytically continuing the Monte Carlo
data to the real frequency axis. Results are shown in
the color plot. The low-energy spectrum obtained from
Heff is shown as solid lines for comparison. The peaks
in the LDOS reflect the energy necessary to add or re-
move one particle. Thus, the peak positions can be es-
timated from Heff by the energy difference between the
odd-parity eigenstates and the ground state, which yields
± [J/2 + J | cos(φ/2)| ± J/2 sin(φ/2)]. We find that our
numerics is qualitatively consistent with the predictions
of Heff , although the numerics is performed in a regime
where the addition spectrum already hybridizes with the
quasiparticle continuum. Apart from shifts in energy,
the hybridization lifts the degeneracies at φ = 0 and 2pi.
Besides the low energy features which are qualitatively
described by Heff , the numerical results also exhibit high-
energy features at ±U/2, which are associated with the
charge-transfer peaks of the impurity Anderson model.
TRITOPS-QD-TRITOPS Josephson junctions com-
bine topological superconductivity with time reversal
symmetry and electron-electron interactions. While this
is superficially similar to quantum spin Hall Josephson
junctions including interactions either within the edge
states [47, 48] or through coupling to an interacting quan-
tum dot [49, 50], these two types of Josephson junctions
are governed by remarkably different physics. Quan-
tum spin Hall Josephson junctions exhibit an 8pi-perodic
Josephson effect which can be interpreted as resulting
from the tunneling of e/2 charges enabled by the forma-
tion of Z4 parafermions or from a spin transmutation as a
consequence of the fermion parity anomaly [49]. In con-
trast, the present system has a Josephson effect which is
54pi periodic and results from an effective singlet forma-
tion with two fractional spins.
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61. JOSEPHSON CURRENT AND GREEN FUNCTIONS
Starting from the definition, the Josephson current
I = −2t′
∑
σ
Im
[
〈c†α,1,σdσ〉
]
, (8)
it may be written as
I = −2t
′
β
∑
σ
∑
n
Im
[
G
(11)
1α,d,σ(iωn)
]
, (9)
where G
(11)
1α,d,σ(iωn) is the Matsubara component of the matrix element (1, 1) of the Nambu-Gorkov imaginary-time
Green function
Gˆ1α,d,σ(τ) =
 −〈Tτ [cˆα,1,σ(τ)dˆ†σ(0)]〉 −〈Tτ [cˆ†α,1,σ(τ)dˆ†σ(0)]〉
−〈Tτ
[
cˆα,1,σ(τ)dˆσ(0)
]
〉 −〈Tτ
[
cˆ†α,1,σ(τ)dˆσ(0)
]
〉
 . (10)
The latter satisfies the following Dyson equation
Gˆ1α,d,σ(τ) = gˆ1α,σ(τ)tˆcGˆd,σ(τ), (11)
with tˆc = −t′τˆ3, being τˆ3 the third Pauli matrix and
gˆ1α,σ(τ) =
 −〈Tτ [cˆα,1,σ(τ)cˆ†α,1,σ(0)]〉0 −〈Tτ [cˆ†α,1,σ(τ)cˆ†α,1,σ(0)]〉0
−〈Tτ [cˆα,1,σ(τ)cˆα,1,σ(0)]〉0 −〈Tτ
[
cˆ†α,1,σ(τ)cˆα,1,σ(0)
]
〉0
 . (12)
Here 〈〉0 denotes the mean value with respect to the density matrix of the disconnected wire, while 〈〉 is the mean
value with respect to the density matrix of the full Hamiltonian. Substituting (11) in (9) leads to
I =
2t′2
β
∑
σ
∑
n
Im
[
g
(12)
1α,σ(iωn)G
(21)
d,σ (iωn)
]
. (13)
2. CONTINUUM MODEL FOR THE TRITOPS WIRE
The Hamiltonian proposed in Ref. [1], written in Eq. (1) of the main text, expressed in k-space reads
H =
∑
k,σ
{[−2t cos(ka) + 2λσ sin(ka)− µ] c†k,σck,σ + 2∆ cos(ka)c†k,σc†−k,−σ +H.c}, (14)
where a is the lattice constant. Without the pairing term, this Hamiltonian defines dispersion relations for ↑ and ↓
fermions, which are shifted one another along the k-axis as a consequence of the spin-orbit term. Hence, there are in
general four Fermi vectors, kα,σ, where α = l, r denotes left and right movers, respectively. They satisfy kr,σ = −kl,σ,
with ↑ =↓ and ↓ =↑. In addition, the pairing term opens a gap ∆ cos(k), which vanishes at k = ±pi/2 and has different
signs for |k| < pi/2 and for |k| > pi/2. The low-energy model for this Hamiltonian is derived by writing
cj,σ ∼
√
a
[
eikr,σjaψr,σ + e
−ikl,σjaψl,σ
]
, (15)
where ψα,σ(x), with α = L,R are fermionic fields for the left and right movers, respectively, with spin σ.
Let us focus on the case where kr,↑ = −kl,↓ = pi/2, which corresponds to the critical case where the superconducting
gap vanishes. Instead, the other fermions at the Fermi level with kr,↓ = −kl,↑ are under the effect of a finite
superconducting pairing, and a gap opens in the spectrum at these points. For the derivation of the low-energy model
in this particular case we project on the gapless states and (15) reads
cj,↑ ∼
√
aeipija/2ψr,↑, cj,↓ ∼
√
ae−ipija/2ψl,↓, (16)
7where the indices l, r are now redundant and will be omitted. Substituting in (14) and, keeping the leading orders for
each of the terms of the Hamiltonian, we get the following low-energy continuum model
H ∼ (2λ− µ)
∑
σ
∫
dxψ†σ(x)ψσ(x) + 2ta
∑
σ
∫
dxψ†σ(x)i∂xsσψσ(x) + 2∆a
∫
dxψ†↑(x)i∂xψ
†
↓(x) + H.c., (17)
with s↑,↓ =↑, ↓. For simplicity, and without affecting the key features of the original model, we will drop the second
term ∝ t.
The same arguments above can be repeated for kr,↓ = −kl,↑ = pi/2, in which case the pairing between states with
kr,↑ = −kl,↓ have different sign with respect to the ones in previous case. Hence, we get the Hamiltonian (17) but
with a − sign in front of the last term. The corresponding Bogoliubov-de Gennes matrix for the full low-energy
Hamiltonian reads
HTRITOPS = (2λ− µ)τz − 2a∆pτxσz, (18)
where τx,y,z are Pauli matrices acting on the spinors ψ
†
p↑ =
(
c†p↑ c−p↓
)
, while σz acts on the spin degrees of freedom.
The topological phase takes place for 2λ − µ > 0, while 2λ − µ < 0, corresponds to a trivial superconductor. If we
define a domain wall where 2λ− µ changes sign, we get zero-energy modes localized at the domain wall. To get the
structure of the zero-energy modes, we consider a linear domain wall centered at x = 0, i.e., 2λ(x)− µ(x) = αx. For
α > 0, we have a nontopological (topological) superconducting phase for x < 0 (x > 0), while the opposite situation
takes place for α < 0. Following Ref. [2] we can calculate the zero-energy modes localized at the wall by calculating
H2 and identifying it with the Hamiltonian for an Harmonic oscillator. The solutions for the zero-modes read
Γ↑ =
∫
dxφ0(x)
[
ψ↑(x)± iψ†↓(x)
]
, Γ↓ =
∫
dxφ0(x)
[
ψ↓(x)± iψ†↑(x)
]
, (19)
where the ± corresponds to α <,> 0, respectively and φ0(x) is the zero-mode wave function of the effective harmonic-
oscillator Hamiltonian. If we now represent the junction between the TRITOPS wires with a domain wall at the left
with α > 0 followed by another at the right with α < 0. The corresponding zero-modes will have the structure of the
Bogoliubov operators
Γ†L = Γ
†
L,↑ = iΓL,↓, Γ
†
R = Γ
†
R,↑ = −iΓR,↓. (20)
3. SCHRIEFFER-WOLFF TRANSFORMATION AND DERIVATION OF THE EFFECTIVE
LOW-ENERGY HAMILTONIAN
In this Section, we derive the effective Hamiltonian Heff in the limit of occupation 1 at the dot for arbitrary coupling
to the left and right leads tL, tR  −εd, U + εd. This is analogous to the derivation of a Kondo Hamiltonian from the
Anderson model [3, 4]
Projecting the operators of the left and right superconductors attached to the quantum dot onto the low-energy
subgap modes leads to the following Hamiltonian to describe the low-energy physics
Hlow = −eiφ/4
∑
σ
(
tLΓ
†
L,σdσ + tRd
†
σΓR,σ
)
+ H.c. +Hd, (21)
where tL, tR . t′ represent the coupling to the TRITOPS leads and Γα,σ are the Bogoliubov operators corresponding
to the zero-modes of the wires localized at the left and right sides of the quantum dot which satisfy the properties
(20).
In the limit of tL, tR  −εd, U + εd, we can eliminate the high-energy states of the quantum dot by recourse to a
Schrieffer-Wolff transformation [4]. Since Γα,↑ and Γα,↓ are related by Eqs. (20), we first write the Hamiltonian Hlow
in terms of the independent operators ΓL,↑ = Γ↑ and ΓR,↓ = Γ↓. This choice leads to a form of Heff with spin-spin
interactions similar to the usual Kondo model.
Following the conventional procedure [3] we obtain
Heff = −(JLLnd↑ + JRRnd↓)/2 + Szd [JLLn↑ − JRRn↓ + JLR sin(φ/2)
(
Γ†↑Γ
†
↓ + Γ↓Γ↑
)
]
+JLR cos(φ/2)
(
S+d S
−
Γ + S
−
d S
+
Γ
)− iW cos(φ/2)(Γ†↑Γ†↓ − Γ↓Γ↑) . (22)
8with
Jαβ =
2Utαtβ
(εd + U)(−εd) , W =
(2εd + U)tLtR
(εd + U)(−εd) . (23)
The spin operators are SzΓ = (n↑ − n↓) /2, with nσ = Γ†σΓσ, S+Γ = Γ†↑Γ↓, S−Γ = Γ†↓Γ↑ and similar expressions for Szd
and S+,−d . This Hamiltonian conserves the parity number and total spin projection S
z = Szd + S
z
Γ. Eq. (7) in the
main text corresponds to (22) for tLL = tRR = t and εd = −U/2.
Restricting for the moment to the subspace with total even number of particles [for which the terms of Eq. (22)
containing Γ†↑Γ
†
↓ and Γ↓Γ↑ become irrelevant], in the case of symmetric coupling where JLL = JRR = JLR = J , the
Hamiltonian reduces to the Heisenberg Hamiltonian with antiferromagnetic coupling 2J along z and J cos(φ/2) on the
x−y plane. Interestingly, the exchange interaction takes place between the 1/2-spin localized at the quantum dot and
an effective 1/2-spin formed by the 1/4-spin excitations localized at the ends of the chains close to the quantum dot.
In the general case, the lowest-energy eigenstates and can be written as |ψ±e 〉 = (| ↑↓〉 ± | ↓↑〉) /
√
2, where the first
entry corresponds to the spin of the dot and the second one to the effective spin of the side-chains. The corresponding
eigenenergies are:
E±e = −(JLL + JRR)/2± JLR cos(φ/2). (24)
The two additional eigenstates are |σσ〉, with σ =↑, ↓ and have zero energy.
In the subspace with odd number of particles, the eigenstates are a mixture of |σ, 0〉 and |σ, ↑↓〉, with eigenenergies
E±o = −
JLL + JRR
4
±
√[
JLL − JRR
4
]2
+
J2LR
4
sin2(φ/2) +W 2 cos2(φ/2) (25)
and they are doubly degenerate due to the two possible orientations of σ at the dot.
The eigenenergies given in the main text correspond (up to an energy shift of −J/2) to Eqs. (24) and (25) for
JLL = JRR = J and W = 0.
For arbitrary φ, the GS of the full Hamiltonian is in the even subspace. For φ = (2m + 1)pi, with m integer, the
states |ψ±e 〉 cross and they become also degenerate with the doublet of the odd subspace, hence, defining a 4-fold
degenerate level crossing. In all the cases, this main features do not depend on the value of εd and tL, tR. Due to this
level crossing, the Josephson current has a peridicity of 4pi.
The diagonalization of the effective Hamiltonian Heff leads to the 8 lowest-energy states of the spectrum of Hlow.
The latter Hamiltonian has 8 additional higher energy states corresponding to the dot empty or doubly occupied.
The effect of a magnetic field B locally applied at the quantum dot can be analyzed in the limit of B  U by
adding to the effective Hamiltonian of Eq. (22) a term B · Sd. In the case of a magnetic field in the direction of the
spin-orbit interaction, B = Bez, the eigenenergies of Eq. (24) are modified to
E±e = −
JLL + JRR
2
± 1
2
√
B2 + 4J2LR cos
2(φ/2), (26)
while the eigenenergies (25) change to
Eo = −JLL + JRR
4
± B
2
±
√(
JLL − JRR
4
)2
+
J2LR
4
sin2(φ/2) +W 2 cos2(φ/2). (27)
This implies the lifting of ↑, ↓ degeneracies of the eigenstates and the opening of a gap at φ = pi. The consequence
of the gap opening is a change in the periodicity of the Josephson current to 2pi, as in junctions of non-topological
superconductors. The ground state remains in the even space and the behavior of the Josephson current corresponds
to the 0-phase.
In the case of a magnetic field perpendicular to the direction of the spin-orbit interaction B = Bex the ground
state is also in the even subspace. Some degeneracies are lifted but the four-fold degeneracy at φ = pi remains and the
Josephson current preserves the 4pi-degeneracy and the behavior of the Josephson current corresponds to the 0-phase.
Results for B = Bez and B = Bex are shown in Fig. 4 for the half-filled configuration and in Fig. 5 away from
half-filling. The non-symmetric coupling to the leads tLL 6= tRR does not change qualitatively these pictures.
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1. JOSEPHSON CURRENT AND GREEN FUNCTIONS
Starting from the definition, the Josephson current
I = −2t′
∑
σ
Im
[
〈c†α,1,σdσ〉
]
, (1)
it may be written as
I = −2t
′
β
∑
σ
∑
n
Im
[
G
(11)
1α,d,σ(iωn)
]
, (2)
where G
(11)
1α,d,σ(iωn) is the Matsubara component of the matrix element (1, 1) of the Nambu-Gorkov imaginary-time
Green function
Gˆ1α,d,σ(τ) =
 −〈Tτ [cˆα,1,σ(τ)dˆ†σ(0)]〉 −〈Tτ [cˆ†α,1,σ(τ)dˆ†σ(0)]〉
−〈Tτ
[
cˆα,1,σ(τ)dˆσ(0)
]
〉 −〈Tτ
[
cˆ†α,1,σ(τ)dˆσ(0)
]
〉
 . (3)
The latter satisfies the following Dyson equation
Gˆ1α,d,σ(τ) = gˆ1α,σ(τ)tˆcGˆd,σ(τ), (4)
with tˆc = −t′τˆ3, being τˆ3 the third Pauli matrix and
gˆ1α,σ(τ) =
 −〈Tτ [cˆα,1,σ(τ)cˆ†α,1,σ(0)]〉0 −〈Tτ [cˆ†α,1,σ(τ)cˆ†α,1,σ(0)]〉0
−〈Tτ [cˆα,1,σ(τ)cˆα,1,σ(0)]〉0 −〈Tτ
[
cˆ†α,1,σ(τ)cˆα,1,σ(0)
]
〉0
 . (5)
Here 〈〉0 denotes the mean value with respect to the density matrix of the disconnected wire, while 〈〉 is the mean
value with respect to the density matrix of the full Hamiltonian. Substituting (4) in (2) leads to
I =
2t′2
β
∑
σ
∑
n
Im
[
g
(12)
1α,σ(iωn)G
(21)
d,σ (iωn)
]
. (6)
2. CONTINUUM MODEL FOR THE TRITOPS WIRE
The Hamiltonian proposed in Ref. [1], written in Eq. (1) of the main text, expressed in k-space reads
H =
∑
k,σ
{[−2t cos(ka) + 2λσ sin(ka)− µ] c†k,σck,σ + 2∆ cos(ka)c†k,σc†−k,−σ +H.c}, (7)
where a is the lattice constant. Without the pairing term, this Hamiltonian defines dispersion relations for ↑ and ↓
fermions, which are shifted one another along the k-axis as a consequence of the spin-orbit term. Hence, there are in
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2general four Fermi vectors, kα,σ, where α = l, r denotes left and right movers, respectively. They satisfy kr,σ = −kl,σ,
with ↑ =↓ and ↓ =↑. In addition, the pairing term opens a gap ∆ cos(k), which vanishes at k = ±pi/2 and has different
signs for |k| < pi/2 and for |k| > pi/2. The low-energy model for this Hamiltonian is derived by writing
cj,σ ∼
√
a
[
eikr,σjaψr,σ + e
−ikl,σjaψl,σ
]
, (8)
where ψα,σ(x), with α = L,R are fermionic fields for the left and right movers, respectively, with spin σ.
Let us focus on the case where kr,↑ = −kl,↓ = pi/2, which corresponds to the critical case where the superconducting
gap vanishes. Instead, the other fermions at the Fermi level with kr,↓ = −kl,↑ are under the effect of a finite
superconducting pairing, and a gap opens in the spectrum at these points. For the derivation of the low-energy model
in this particular case we project on the gapless states and (8) reads
cj,↑ ∼
√
aeipija/2ψr,↑, cj,↓ ∼
√
ae−ipija/2ψl,↓, (9)
where the indices l, r are now redundant and will be omitted. Substituting in (7) and, keeping the leading orders for
each of the terms of the Hamiltonian, we get the following low-energy continuum model
H ∼ (2λ− µ)
∑
σ
∫
dxψ†σ(x)ψσ(x) + 2ta
∑
σ
∫
dxψ†σ(x)i∂xsσψσ(x) + 2∆a
∫
dxψ†↑(x)i∂xψ
†
↓(x) + H.c., (10)
with s↑,↓ =↑, ↓. For simplicity, and without affecting the key features of the original model, we will drop the second
term ∝ t.
The same arguments above can be repeated for kr,↓ = −kl,↑ = pi/2, in which case the pairing between states with
kr,↑ = −kl,↓ have different sign with respect to the ones in previous case. Hence, we get the Hamiltonian (10) but
with a − sign in front of the last term. The corresponding Bogoliubov-de Gennes matrix for the full low-energy
Hamiltonian reads
HTRITOPS = (2λ− µ)τz − 2a∆pτxσz, (11)
where τx,y,z are Pauli matrices acting on the spinors ψ
†
p↑ =
(
c†p↑ c−p↓
)
, while σz acts on the spin degrees of freedom.
The topological phase takes place for 2λ − µ > 0, while 2λ − µ < 0, corresponds to a trivial superconductor. If we
define a domain wall where 2λ− µ changes sign, we get zero-energy modes localized at the domain wall. To get the
structure of the zero-energy modes, we consider a linear domain wall centered at x = 0, i.e., 2λ(x)− µ(x) = αx. For
α > 0, we have a nontopological (topological) superconducting phase for x < 0 (x > 0), while the opposite situation
takes place for α < 0. Following Ref. [2] we can calculate the zero-energy modes localized at the wall by calculating
H2 and identifying it with the Hamiltonian for an Harmonic oscillator. The solutions for the zero-modes read
Γ↑ =
∫
dxφ0(x)
[
ψ↑(x)± iψ†↓(x)
]
, Γ↓ =
∫
dxφ0(x)
[
ψ↓(x)± iψ†↑(x)
]
, (12)
where the ± corresponds to α <,> 0, respectively and φ0(x) is the zero-mode wave function of the effective harmonic-
oscillator Hamiltonian. If we now represent the junction between the TRITOPS wires with a domain wall at the left
with α > 0 followed by another at the right with α < 0. The corresponding zero-modes will have the structure of the
Bogoliubov operators
Γ†L = Γ
†
L,↑ = iΓL,↓, Γ
†
R = Γ
†
R,↑ = −iΓR,↓. (13)
3. SCHRIEFFER-WOLFF TRANSFORMATION AND DERIVATION OF THE EFFECTIVE
LOW-ENERGY HAMILTONIAN
In this Section, we derive the effective Hamiltonian Heff in the limit of occupation 1 at the dot for arbitrary coupling
to the left and right leads tL, tR  −εd, U + εd. This is analogous to the derivation of a Kondo Hamiltonian from the
Anderson model [3, 4]
Projecting the operators of the left and right superconductors attached to the quantum dot onto the low-energy
subgap modes leads to the following Hamiltonian to describe the low-energy physics
Hlow = −eiφ/4
∑
σ
(
tLΓ
†
L,σdσ + tRd
†
σΓR,σ
)
+ H.c. +Hd, (14)
3where tL, tR . t′ represent the coupling to the TRITOPS leads and Γα,σ are the Bogoliubov operators corresponding
to the zero-modes of the wires localized at the left and right sides of the quantum dot which satisfy the properties
(13).
In the limit of tL, tR  −εd, U + εd, we can eliminate the high-energy states of the quantum dot by recourse to a
Schrieffer-Wolff transformation [4]. Since Γα,↑ and Γα,↓ are related by Eqs. (13), we first write the Hamiltonian Hlow
in terms of the independent operators ΓL,↑ = Γ↑ and ΓR,↓ = Γ↓. This choice leads to a form of Heff with spin-spin
interactions similar to the usual Kondo model.
Following the conventional procedure [3] we obtain
Heff = −(JLLnd↑ + JRRnd↓)/2 + Szd [JLLn↑ − JRRn↓ + JLR sin(φ/2)
(
Γ†↑Γ
†
↓ + Γ↓Γ↑
)
]
+JLR cos(φ/2)
(
S+d S
−
Γ + S
−
d S
+
Γ
)− iW cos(φ/2)(Γ†↑Γ†↓ − Γ↓Γ↑) . (15)
with
Jαβ =
2Utαtβ
(εd + U)(−εd) , W =
(2εd + U)tLtR
(εd + U)(−εd) . (16)
The spin operators are SzΓ = (n↑ − n↓) /2, with nσ = Γ†σΓσ, S+Γ = Γ†↑Γ↓, S−Γ = Γ†↓Γ↑ and similar expressions for Szd
and S+,−d . This Hamiltonian conserves the parity number and total spin projection S
z = Szd + S
z
Γ. Eq. (7) in the
main text corresponds to (15) for tLL = tRR = t and εd = −U/2.
Restricting for the moment to the subspace with total even number of particles [for which the terms of Eq. (15)
containing Γ†↑Γ
†
↓ and Γ↓Γ↑ become irrelevant], in the case of symmetric coupling where JLL = JRR = JLR = J , the
Hamiltonian reduces to the Heisenberg Hamiltonian with antiferromagnetic coupling 2J along z and J cos(φ/2) on the
x−y plane. Interestingly, the exchange interaction takes place between the 1/2-spin localized at the quantum dot and
an effective 1/2-spin formed by the 1/4-spin excitations localized at the ends of the chains close to the quantum dot.
In the general case, the lowest-energy eigenstates and can be written as |ψ±e 〉 = (| ↑↓〉 ± | ↓↑〉) /
√
2, where the first
entry corresponds to the spin of the dot and the second one to the effective spin of the side-chains. The corresponding
eigenenergies are:
E±e = −(JLL + JRR)/2± JLR cos(φ/2). (17)
The two additional eigenstates are |σσ〉, with σ =↑, ↓ and have zero energy.
In the subspace with odd number of particles, the eigenstates are a mixture of |σ, 0〉 and |σ, ↑↓〉, with eigenenergies
E±o = −
JLL + JRR
4
±
√[
JLL − JRR
4
]2
+
J2LR
4
sin2(φ/2) +W 2 cos2(φ/2) (18)
and they are doubly degenerate due to the two possible orientations of σ at the dot.
The eigenenergies given in the main text correspond (up to an energy shift of −J/2) to Eqs. (17) and (18) for
JLL = JRR = J and W = 0.
For arbitrary φ, the GS of the full Hamiltonian is in the even subspace. For φ = (2m + 1)pi, with m integer, the
states |ψ±e 〉 cross and they become also degenerate with the doublet of the odd subspace, hence, defining a 4-fold
degenerate level crossing. In all the cases, this main features do not depend on the value of εd and tL, tR. Due to this
level crossing, the Josephson current has a peridicity of 4pi.
The diagonalization of the effective Hamiltonian Heff leads to the 8 lowest-energy states of the spectrum of Hlow.
The latter Hamiltonian has 8 additional higher energy states corresponding to the dot empty or doubly occupied.
The effect of a magnetic field B locally applied at the quantum dot can be analyzed in the limit of B  U by
adding to the effective Hamiltonian of Eq. (15) a term B · Sd. In the case of a magnetic field in the direction of the
spin-orbit interaction, B = Bez, the eigenenergies of Eq. (17) are modified to
E±e = −
JLL + JRR
2
± 1
2
√
B2 + 4J2LR cos
2(φ/2), (19)
while the eigenenergies (18) change to
Eo = −JLL + JRR
4
± B
2
±
√(
JLL − JRR
4
)2
+
J2LR
4
sin2(φ/2) +W 2 cos2(φ/2). (20)
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FIG. 1. (Color online) Spectrum of Heff for the quantum dot at half filling εd = −U/2 and symmetric coupling to the leads
tLL = tRR, corresponding to J = 1, W = 0. Left: B = 0, center B = Bez and right B = Bex. Black and red corresponds,
respectively to even and odd subspaces.
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FIG. 2. (Color online) Spectrum of Heff for the quantum dot away from half-filling and symmetric coupling to the leads
tLL = tRR, corresponding to J = W = 1. Left: B = 0, center B = Bez and right B = Bex. Black and red corresponds,
respectively to even and odd subspaces.
This implies the lifting of ↑, ↓ degeneracies of the eigenstates and the opening of a gap at φ = pi. The consequence
of the gap opening is a change in the periodicity of the Josephson current to 2pi, as in junctions of non-topological
superconductors. The ground state remains in the even space and the behavior of the Josephson current corresponds
to the 0-phase.
In the case of a magnetic field perpendicular to the direction of the spin-orbit interaction B = Bex the ground
state is also in the even subspace. Some degeneracies are lifted but the four-fold degeneracy at φ = pi remains and the
Josephson current preserves the 4pi-degeneracy and the behavior of the Josephson current corresponds to the 0-phase.
Results for B = Bez and B = Bex are shown in Fig. 1 for the half-filled configuration and in Fig. 2 away from
half-filling. The non-symmetric coupling to the leads tLL 6= tRR does not change qualitatively these pictures.
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